arXiv:1505.06498v3 [math.AP] 17 Jun 2015 


UNIQUE DETERMINATION OF A TIME-DEPENDENT POTENTIAL FOR WAVE 

EQUATIONS FROM PARTIAL DATA 

YAVAR KIAN 


CPT, UMR CNRS 7332, 
Aix Marseille Universite, 
13288 Marseille, France, 
and Universite de Toulon, 
83957 La Garde, France 
yavar. ki an@ uni v- amu. fr 
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1. Introduction 

1.1. Statement of the problem, We fix ri a bounded domain of K”, n ^ 2, and we set S = (0, T) x i90, 
Q = (0, r) X with 0 < T < oo. We consider the wave equation 

dfu-AxU + q{t,x)u = 0, (t,x)€Q, (1.1) 

where the potential q G L°°{Q) is assumed to be real valued. We study the inverse problem of determining 
q from observations of solutions of (11.11) on dQ. 

It is well known that for T > Diam(n) the data 

A = {(“|E: ■ u G L^iQ), □« + ?« = 0, u\t=o = dtU\t=o = 0} (1.2) 

determines uniquely a time-independent potential q (e.g. |25)b Here u denotes the outward unit normal 
vector to fl and from now on □ denotes the differential operator — A^. It has been even proved that 
partial knowledge of Aq determines a time-independent potential q (e.g. [5]). In contrast to time-independent 
potentials, we can not recover the restriction of a general time dependent potential q on the set 

D = {{t,x) G Q : 0 <t < Diam(H)/2, dist(a;,clH) < t} 
from the data Aq. Indeed, assume that H = {a; S K" : |a;| < i?}, T > R > 0. Now let u solve 

Uu = 0, U|s = /, U|t^o = dtU\t=o = 0. 

with / G H^(E) satisfying f\t=o = 0- Since u\t=o = 5tW|t=o = 0; the finite speed of propagation implies that 
= 0- Therefore, for any q G C^{D), we have qu = 0 and u solves 

Du + qu = 0, M|e = /, u\t=o = dtU\t=o = 0. 

This last result implies that for any q G C^(D) we have Aq = Aq where Aq stands for Aq when <7 = 0. 

Facing this obstruction to uniqueness, it appears that four different approaches have been considered so 
far to solve this problem: 
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1) Considering the equation (II. 1|) for any time t S M instead of 0 < t < T (e.g. [2S], |27p. 

2) Recovering the restriction on a subset of Q of a time-dependent potential q from the data Aq (e.g. |24| 1. 

3) Recovering a time-dependent potential q from the extended data Cq (e.g. [T^) given by 

Cq = {{u\Y.,u\t^o,dtU\t=Q,dvU\Y„u\t=T,dtU\t=T) ■ u e L'^iQ), (5^ - + q)u = 0}. 

4) Recovering time-dependent coefficients that are analytic with respect to the t variable (e.g. [S]). 

Therefore, it seems that the only results of unique global determination of a time-dependent potential q 
proved so far (at finite time) involve strong smoothness assumptions such as analyticity with respect to the 
t variable or the important set of data Cq. In the present paper we investigate some general conditions that 
guaranty unique determination of general time-dependent potentials without involving an important set of 
data. More precisely, our goal is to prove unique global determination of a general time-dependent potential 
q from partial knowledge of the set of data Cq. 

1.2. Physical and mathematical interest. Physically speaking, our inverse problem can be stated as 
the determination of physical properties such as the time evolving density of an inhomogeneous medium by 
probing it with disturbances generated on some parts of the boundary and at initial time. The data is the 
response of the medium to these disturbances, measured on some parts of the boundary and at the end of the 
experiment, and the purpose is to recover the function q which measures the property of the medium. Note 
also that the determination of time dependent potentials can be associated to models where it is necessary 
to take into account the evolution in time of the perturbation. 

We also precise that the determination of time-dependent potentials can be an important tool for the 
more difficult problem of determining a non-linear term appearing in a nonlinear wave equation from ob¬ 
servations of the solutions in dQ. Indeed, in [14] Isakov applied such results for the determination of a 
seniilinear term appearing in a semilinear parabolic equation from observations of the solutions in dQ. 

1.3. Existing papers. In recent years the determination of coefficients for hyperbolic eqnations from bound¬ 
ary measnrements has been growing in interest. Many authors have considered this problem with an obser¬ 
vation given by the set Aq (see (11.21) 1. In Rakesh and Symes proved that Aq determines uniquely a 
time-independent potential q and m proved unique determination of a potential and a damping coefficient. 
The uniqueness by partial boundary observations has been considered in |8] . For sake of completeness we also 
mention that the stability issue related to this problem has been treated by |2l[l5lll2l[22l[29l[30]. Note that 
m extended the results of [25] to time-independent coefficients of order zero in an unbounded cylindrical 
domain. It has been proved that measurements on a bounded subset determine some classes of coefficients 
including periodic coefficients and compactly supported coefficients. 

All the above mentioned results are concerned with time-independent coefficients. Several authors con¬ 
sidered the problem of determining time-dependent coefficients for hyperbolic equations. In |28| . Stefanov 
proved unique determination of a time-dependent potential for the wave equation from the knowledge of 
scattering data which is equivalent to the problem with boundary measurements. In |26| . Ramm and Sjos- 
trand considered the determination of a time-dependent potential q from the data (uiRxoni ^j/'W|Bxan) of 
forward solutions of (ED on the infinite time-space cylindrical domain K.t x 17 instead of Q (i G R instead 
of 0 < t < T < oo). Rakesh and Ramm [24] considered the problem at finite time on Q, with T > Diam(r7), 
and they determined uniquely q restricted to some subset of Q from Aq. Isakov established in m Theorem 
4.2] unique determination of general time-dependent potentials on the whole domain Q from the extended 
data Cq. Applying a result of unique continuation borrowed from [31] . Eskin |9] proved that the data Aq 
determines time-dependent coefficients analytic with respect to the time variable t. Salazar m extended 
the result of [55] to more general coefficients. Finally, [32 stated stability in the recovery of X-ray trans¬ 
forms of time-dependent potentials on a manifold and |3] proved log-type stability in the determination of 
time-dependent potentials from the data considered by [24] and |12| . 

We also mention that 13 Elia do] examined the determination of time-dependent coefficients for parabolic 
and Schrodinger equations and proved stability estimate for these problems. 
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1.4. Main result. In order to state our main result, we first introduce some intermediate tools and notations. 
For all bj G = {y € M" : |j/| = 1} we introduce the w-shadowed and tu-illuminated faces 

= {x € dfl : iy(x) • w > 0}, = {t G dfl : v{x) • a; ^ 0} 

of Here, for all k G N*, • denotes the scalar product in defined by 

x-y = xiyi + ... + XkVk, a: = (xi,..., G R'', y = {yi, ■ ■ ■ ,yk) ^ 

We associate to the part of the lateral boundary S given by = (0, T) x From now on we 

fix Wo G and we consider F = (0, T) x F' (resp G = (0, T) x G') with F' (resp G') an open neighborhood 
of dil+^uio (resp dQ-^uio) in 

The main purpose of this paper is to prove the unique global determination of a time-dependent and 
real valued potential q G L°°{Q) from the data 

C* = dtuit^o, d^uiG, M|t=T) : u G L^{Q), Uu + qu = 0, U|t=o = 0, suppu|s C F}. 

See also Section 2 for a rigorous definition of this set. Our main result can be stated as follows. 

Theorem 1 . Let qi, q2 € L°°{Q) . Assume that 

c;, = ci- (1-3) 

Then qi = q2- 

Note that our uniqueness result is stated for bounded potentials with, roughly speaking, half of the data 
Gq considered in [121 Theorem 4.2] which seems to be, with [3], the only result of unique global determination 
of general time-dependent coefficients for the wave equation, at finite time, in the mathematical literature. 
More precisely, we consider u G L'^{Q) solutions of (9^ — A -|- q)u = 0, on Q, with initial condition U|t=o = 0 
and Dirichlet boundary condition U|s supported on F (which, roughly speaking, corresponds to half of the 
boundary). Moreover, we exclude the data dtU\t=T a-nd we consider the Neumann data di^u only on G (which, 
roughly speaking, corresponds to the other half of the boundary). We also mention that in contrast to [3], 
we do not use results of unique continuation where the analyticity of the coefficients with respect to t is 
required. To our best knowledge condition (11.31) is the weakest condition that guaranties global uniqueness 
of general time dependent potentials. Moreover, taking into account the obstruction to uniqueness given 
by domain of dependence arguments (see Subsection 1.1), the restriction to solutions u of (11.11) satisfying 
u\t=o = 0 seems close to the best condition that we can expect on the initial data for the determination of 
time-dependent potentials. 

The main tools in our analysis are geometric optics (GO in short) solutions and Carleman estimates. 
Following an approach used for elliptic equations (e.g. [HIIllEl]) and for determination of time-independent 
potentials by [2], we construct two kind of GO solutions: GO solutions lying in H^{Q) without condition on 
dQ (see Section 3) and GO solutions associated to (jl.ll) that vanish on parts of dQ (see Section 5). With 
these solutions and some Carleman estimates with linear weight (see Section 4), we prove Theorem [1] 

1.5. Outline. This paper is organized as follows. In Section 2 we give a suitable definition of the set of data 
G* and we define the associated boundary operator. In Section 3, using some results of and in, we build 
suitable GO solutions associated to cn without conditions on dQ. In Section 4, we establish a Carleman 
estimate for the wave equation with linear weight. In Section 5, we use the Carleman estimate introduced 
in Section 4 to build GO solutions associated to dnD that vanish on parts of dQ. More precisely, we build 
GO M which are solutions of (ED with = 0 and suppM |2 C F. In Section 6 we combine all the results 
of the previous sections in order to prove Theorem [1] We prove also some auxiliary results in the appendix. 

Acknowledgements. The author would like to thank Mourad Bellassoued, Mourad Choulli and Eric 
Soccorsi for their remarks and suggestions. 
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2. Preliminary results 

The goal of this section is to give a suitable definition to the set of data C* and to introduce some 
properties of the solutions of (HID for any q G L°°{Q) real valued. We first introduce the space 

J = {u& L^{Q) : (52 - A,)u = 0} 
and topologize it as a closed subset of L^{Q). We work with the space 

HaiQ) = {m G L'^iQ) ■ Dm = (dt - ^x)u G T^(Q)}, 

with the norm 

^ II^IIl=(Q) + IK^t^ “ ^®)^IIl2(q) ■ 

Repeating some arguments of EHl Theorem 6.4, Chapter 2] we prove in the appendix (see Theorem!]) that 
Ha{Q) embedded continuously into the closure of C°^(Q) in the space 

Kd(Q) = {ue H-^(0,T; L^n}} : Ou = {8^ - A,)u G L\Q)} 
topologized by the norm 

ll'“llAn(Q) = ll^llff-i(0,T;L2(a)) + ~ • 

Then, following [201 Theorem 6.5, Chapter 2], we prove in the appendix that the maps 

TqW = (W|E, W|t=o,^tW|t=o), nw = {d^Wls,'Wlt=T,dtW\t=T), wGC°°(Q), 

can be extended continuously to tq : HaiQ) JI~^(0,T; H~i (dfl)) x H~^{n) x ti : HaiQ) —>■ 

T; (912)) X x (see Proposition!]). Here for all w G C°“(Q) we set 

TqW = {to,iW, ro,2W, To,3w), TiW = (ti.iW, 1-1,2^, Tyaw), 

where 

Tq.iW = W|E, To,2W = W|t=o, To,3W = dtWH^Q, TyiW = (9 ,.W|e, Ti,2W = W\t=T, Ti,3W = dtW\t=T- 

Therefore, we can introduce 

n{dQ) = {tou : u G HaiQ)} C i?“^(0, T; (^H)) x ^-^(O) x R-^in). 

Following U and [55], in order to define an appropriate topology on T-L{dQ) we consider the restriction of tq 
to the space J. 

Proposition 1 . The restriction of tq to J is one to one and onto. 

Proof. Let vi,V2 G J with tqVi = tqV 2 . Then, in light of the theory introduced in EH] Section 8, Chapter 
3], there exists F G HaiQ) such that, for j = 1,2, we have Vj = F + Wj with Wj G C^([0, Tj; L^(r2)) n 
C([0,r];iLi(H)) solving 

( dfwj-AxWj = -DF, it,x)eQ, 

< ^«4|t=0 = = 0’ 

I = 0. 

Then, the uniqueness of solutions of this initial boundary value problem (IBVP in short) implies that vi = V 2 . 
Thus, the restriction of tq to J is one to one. Now let ig,vo,vi) G TLidQ). There exists S G HaiQ) such 
that tqS = ig,vo,vi). Consider the initial boundary value problem 

( dfv-AxV = -OS', it,x)€Q, 

< v\t=o = dtvit=o = 0 , 

[ = 0. 

Since—OS' G L^((5), we deduce that this IB VP admits a unique solution u G C^([0, Tj; L^(H))nC([0, Tj; Hq (H)). 
Then, u = u + S' G L'^iQ) satisfies idf — A^) u = 0 and tqu = tqv + tqS = (g, uq, ui). Thus tq is onto. □ 
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From now on, we set Vq the inverse of tq : J —5- ^.{dQ) and define the norm of ^{{dQ) by 
ll(5,^^o,^'l)|lH(^Q) = 11 ^ 0 ( 5 , 1 ^ 0 ,?^i)|Il 2 (q) , {g,vo,vi) G nidQ). 

In the same way, we introduce the space Tlp{dQ) defined by 

'HpidQ) = {(rop/i, ro,3^) : h G idn(Q), ro,2/i = 0, supprop/i C F} 
with the associated norm given by 


ll( 5 )^i)ll-Hp(aQ) = ll(ff: 0 )«i)llw(a( 5 ) > € np{dQ). 

One can easily check that the space 'Hp{dQ) embedded continuously into T-L{dQ). Let us consider the IBVP 

{ d'fu — AxU + q{t, x)u = 0, in Q, 

u( 0 ,-) = 0 , dtu{0p) = vi, in O, ( 2 . 1 ) 

u = g, on E. 

We are now in position to state existence and uniqueness of solutions of this IBVP for {g, vi) G %p{dQ). 

Proposition 2. Let {g,vi) G 'Hp{dQ) and q G L°°{Q). Then the IBVP (j2.1l) admits a unique weak solution 
u G L'^(Q) satisfying 

II^IIl 2 (q) ^ C” IKl?)'*^i)llwp(aQ) ( 2 - 2 ) 

and the boundary operator Bq : ( 5 ,^ 1 ) i-A (ti^iU\q,ti^ 2 u) is a bounded operator from 'Hp{dQ) to 
H-^{0,T-H-i{G)) X id-2(0). 

Proof. We split u into two terms u = v + PQ{g, 0, ui) where v solves 

( dfv-AxV + qv = -qVo{g,Q,vi), {t,x)€Q, 

< i^|t=o = dtV\t=o = 0, (2.3) 

[ = 0 . 

Since ^ 0 ( 310 ,^ 1 ) G L'^{Q), the IBVP (12.31) admits a unique solution v G C^([0, T]; L^(0)) D C([0, T]; idp(O)) 

(e.g. pUl Section 8 , Chapter 3]) satisfying 


ll^llci([o,T];L2(n)) + ll^llc([o,T];iii(n)) ^ C" II 9’Po(5,0, ui)||^ 2 (Q) ^ C'||'?|Iloo(q) ||Po(<?, 0, ui)||j^ 2 (Q) • (2.4) 

Therefore, u = v P Po(<?,0,ui) is the unique solution of (j2.1l) and estimate (12.41) implies (12.2p . Now let us 
show the last part of the proposition. For this purpose fix (g,ui) G 'Hp{dQ) and consider u the solution 
of p.l|) . Note first that u G L'^{Q) and {df — Ax)u = —qu G L^(Q). Thus, u G Ha{Q) and ri^u G 
H~i {dLl)) ti_ 2 U G H~^{n) with 


Combining this with (12.21) we deduce that Bq is a bounded operator 
id-2(0). 


oiii rtp ) 


From now on we consider the set C* to be the graph of the boundary operator Bq given by 


Cq = {{g,vx,Bq[g,vi)) : {g,vx) G UpidQ)}. 
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3. Geometric optics solutions without boundary conditions 
In this section we build geometric optics solutions u € {Q) associated to the equation 

d^u —+ q{t,x)u = Q on Q. (3.1) 

More precisely, for A > 1, w G = {y £ : \ y \ = 1} and ^ G satisfying ^ • (1, — w) = 0, we consider 


solutions of the form 


Here w G H^Q) fulfills 


u{t,x) = +w{t,x)), {t,x) G Q. 


c 

II^IIl2(q) ^ y 


(3.2) 


with C > 0 independent of A. For this purpose, for all s G K and all a; G S” we consider the operators 
Ps^u} defined by One can check that 

Ps,uj = Ps,cj{Dt, Dx) = □ + 2s{dt - uj ■ Vx) 

with Df = —idt, Dx = —iVx and Ps^uip,''!) = + \v\^ + 2si{p — u! ■ y), p £ M., y £ R”. Applying some 

results of [S] and m about solutions of PDFs with constant coefficients we obtain the following. 

Lemma 1. For every A > 1 and to £ there exists a bounded operator : L^{Q) —>■ L'^{Q) such 

that: 

P-x,uEx,u>f = f, f&L\Q), (3.3) 

II^A,(.j||g(^2(Qp ^ C\ , (3.4) 

Ex,^£B{L\Q)-H\Q)) and \\Ex,^\\BiLHQ);HHQ)) ^ ^ (3.5) 

with C > depending only on T and H. 

Proof. In light of [51 Thorem 2.3] (see also [TTl Thorem 10.3.7]), there exists a bounded operator E^ ^^ : 
Lf{Q) —?> L^{Q), defined from a fundamental solution associated to P-x,ui (see Section 10.3 of [H]), such 
that (13.31) is fulfilled. In addition, for all differential operator Q{Dt, Dx) with - a bounded function, 

we have Q{Dt, Dx)E\^i^ £ B{L'^{Q)) and there exists a constant C depending only on H, T such that 

mD,,Dx)E^^^\u^ sup 

^ (M,r,)eRi+" P-a.c^(a*,?7) 

with p-x,uj given by 


(3.6) 


P-xAp^p)= (X! X! 

VfcGN qGN" 


p £ M, p £ 


Note that > \3d^j,p-\^i^{p,p)\ = 2A. Therefore, (13.6|) implies 

||AA,tij||gc^ 2 CQp ^ C sup ^ ^ C\ 

(A«,77)eRi+" P-A.a;(Ai,I7) 

and (|3.4|) is fulfilled. In a same way, we have p-x,uj{p,p) \'^d^p-x,uj{p,p)\ = 2|/i] and p-x.uiip^p) ^ 
I'lyidriiP-x uiip, v)\ = 2]77i|, i = 1, ..., n and p = (pi,..., pn). Therefore, in view of O Thorem 2.3], we have 
Ex,u.&BlL^{Qy,H\Q)) with 

II^A.c^||g(i 2 (Q)./i^i(Q)) < G sup — ^ , r?) ^ ^ 

and (13.51) is proved. □ 

Applying this result, we can build geometric optics solutions of the form (13.21) . 
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Proposition 3. Let q G L°°{Q), w G Then, there exists Aq > 1 such that for A ^ Aq the equation 

(13.11) admits a solution u G H^{Q) of the form (13.21) with 

IkllffMO) ^ = (3.7) 

where C and Aq depend on VL, T, M ^ I|9 |Iloo(q)- 

Proof. We start by recalling that 

^ g-A(t+x.c^)^g-*G(t,x)^ g Q 

Thus, w should be a solution of 

dfw - /^xw - 2\{dt - oj • Vx)w = - ((□ -h + qw) . (3.8) 

Therefore, according to Lemma [TJ we can define ic as a solution of the equation 

w = -Ex,uj ((□ + q)e~''^'^*’'^^ + quuj , w G L^{Q) 

with G B(L‘^{Q)) given by Lemma [TJ For this purpose, we will use a standard fixed point argument 
associated to the map 

L\Q) -G L^{Q), 

F HA -Ex,a: [(□ + g)e-*«'(‘’“) + qF] . 

Indeed, in view of (13.41) , fixing Mi > 0 , there exists Aq > 1 such that for A ^ Aq the map G admits a unique 
fixed point it in {it G L'^{Q) : ||w||^ Mi}. In addition, condition (I3.4I) - (I3.5I) imply that w G H^{Q) 
fulfills (|3.7I) . This completes the proof. □ 

4. Carleman estimates 

This section is devoted to the proof of Carleman estimates similar to [2| and [1]. More precisely, we fix 
ui G and we consider the following estimates. 

Theorem 2. Let q G L°°{Q) and u G C‘^{Q). If u satisfies the condition 

U|S=0, M|t=o = 9tM|t=o = 0 (4-1) 

then there exists Ai > 1 depending only on O, T and M ^ ||9|Il“(Q) such that the estimate 

^ In |cItU|t=T|^ da; + A ^- 2 A(t+ui-x) . i/{x)\ da{x)dt + A^ /g e“ 2 A(t+aj.a;) 

< C (/g 1(^2 - + g)it|^ dxdt + A^ \u\t=T\‘^ dx + X ^- 2 \{t+u:-x) | v„it|t^-r|^ dx 

+CA g- 2 A(t+wx) ||^ . jy(a;)| da{x)dt 

(4.2) 

holds true for A ^ Ai with C depending only on LI, T and M ^ ||'?|lLoo(g) ■ If u satisfies the condition 

W|E = 0, ll|t=T = ^tM|t=T = 0 (4.3) 

then the estimate 

A|cItM|t=o|^ da; + A jd^ul^ juj ■ i 2 (x)l da(x}dt + X^ fg juj'^ dxdt 

^ C (/g 1(02 _ A,, -t q)uj^dxdt + A3 |M|t=o|^ da; + A ^ | V,,it|i=o|^ da;) (4.4) 

fs+ „ da{x)dt 

holds true for A ^ Ai. 
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In order to prove these estimates, we fix m G C^(Q) satisfying (I4.1|l (resp (14.311 ') and we set u = e ^(*+‘^• 2 :)^ 
(resp V = in such a way that 

= Px,u.v, (resp = P_a,c.u) . (4.5) 

Then, we consider the following estimates associated to the weighted operators P±\^uj- 


Lemma 2. Let v G C^iQ) and A > 1. If v satisfies the condition 


= 0 , v\t=o = dtV\t=o = 0 

then the estimate 

A dx + 2A |c^!y'y|^ W • iy(x)da(x)dt + cA^ Jq \v\^ dxdt 

^ /q I^A.i.j'f'l^ + 14A/j.j I Va;Z;|t= 7 ’|^ dx + 2A Jj, \duv\^ \u) ■ v{x)\da{x)dt 

holds true for c > 0 depending only on LI and T. If v satisfies the condition 


U|s = 0, V\t=T = dtV\t=T = 0 

then the estimate 

A |9tU|t=o|^ dx + 2A \duv\^ \aj ■ J^{x)\ da{x)dt + c)? Jq \v\^ dxdt 
^ JglP-x^uivf dxdt + lAX J^\VxVit^o\^ dx + 2X J^^ \d^vf ui ■ h'{x)da{x)dt 


holds true. 


(4.6) 


(4.7) 


(4.8) 


(4.9) 


Proof. We start with (|4.7p . For this purpose we fix u G C^{Q) satisfying (14.61) and we consider 


Ix,u> = / \P\,u>v\'^dtdx. 

JQ 

Without lost of generality we assume that v is real valued. Repeating some arguments of [2] (see the formula 
2 line before (2.4) in page 1225 of [5] and formula (2.5) in page 1226 of [5]) we obtain the following 

I\,bj^ / I Du pdf dec + cA^ / \v'Jdxdt + 2X / w ■ i/(ec)dcr(ec)dt 

JQ JQ JT. 

+2A / dx + 2A / |Va;U|t=T|^ dx - 4A / {dtV\t=T){!-J xV\t=T)dx. 

J Q, J Q, J Q, 

On the other hand, an application of the Cauchy-Schwarz inequality yields 


4A 


[ idtV\t=T){a} ■'^xV\t=T)dx ^7 / \dtVit=T\^dx+ 16X [ \y xV\t=T\'^ dx 

Jn 4 Jq Jq 


and we deduce that 

Ix,uj + 14A J^ |Va,?;|t=T| dx 

> Jq IDupdtdx + cA^ Jq |u|^ dxdt + 2A /j, \duvf' w • u{x)d(j{x)dt + A \dtV\t=T^ dx. 

From this last estimate we deduce easily dUZl). Now let us consider (gH). For this purpose note that for v 
satisfying (14.81) . w defined by w{t,x) = v{T — t,x) satisfies (14.61) . Thus, applying (14.71) to w with uj replaced 
by —UJ we obtain (14.9F □ 


In light of Lemma [2l we are now in position to prove Theorem 
Proof of Theorem!^ Let us first consider the case q = 0. Note that for u satisfying (14.1|) . v = 
satisfies (ITO . Moreover, we have dl^ and su implies d^v\-s = e Finally, using the fact 

that 


dtu = 5t(e^(‘+“-“')u) = Xu + VxV = - Xuuj), 
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we obtain 


f ^ 2 [ \dtV\t=T\^ dx + 2X^ [ |u|t=T| 

Jq J q, Jq 

[ |V,T|t^Tr dx ^ 2 A 2 [ dx + 2 [ |V,U|t=r| 

J Cl J Cl J Cl 

Thus, applying the Carleman estimate (14.711 to t, we deduce (14.211 . For g 7 ^ 0, we have 

\d^u - /\xu\^ = \dtU - A^u + qu- qu\^ < 2 \ {d^ - A^ + q)u'^ + 2 ||g||ioo(Q) | 
and hence if we choose Ai > 2C ||(z|Iloo(qp replacing C by 

c\l 


‘ dx. 


dx. 


Cl = 


□ 


A^ 2C\\q\\j^^^Q^ 

we deduce (14.21) from the same estimate when g = 0. Using similar arguments, we prove (14.4F 

Remark 1. Note that, by density, estimate (1121) can be extended to any function u G C^([0, T]; i^(U)) n 
C([0,T];iJ^(r2)) satisfying (14.61) . {df — Ax)u G L'^{Q) and d^u G L‘^{Yf). 


5. Geometric optics solutions vanishing on parts of the boundary 

In this section we fix g G L°°{Q). From now on, for all y G and all r > 0, we set 

dfl+^r,y = {x G dn : i'{x) ■ y > r}, dfl-^r,y = {x G dit : u(x) ■ y ^ r} 

and E±.r.,y = (0, T) x dfl±^r,y Here and in the remaining of this text we always assume, without mentioning 
it, that y and r are chosen in such way that d^l±^r,±y contain a non-empty relatively open subset of 9f2. 
Without lost of generality we assume that there exists 0 < e < 1 such that for all uj G {y G : |j/— wqI ^ e} 
we have C F'. The goal of this section is to use the Carleman estimate (14.411 in order to build 

solutions u G H\j{Q) to 

( {df - Ax + q{t, x))u = 0 in Q, 

< = 0, (5.1) 

[ u = 0 , on E +_,./2 

of the form 

u(t,a;) = (1-I-2:(t,a:)) , {t,x)GQ. (5.2) 

Here a; € {y G : |?/ — wqI ^ € e“''^‘+‘^'^)idn((5) fulfills: ^(0, t) = —1 , x G H, z = —1 on 

and 

\\z\\lhq) ^ CX-^ (5.3) 

with C depending on F', H, T and any M ^ I|9|Iloo(q)- Since T, \ F C E \ E_^£^_i^ = and since 

E_|_ E/ 2 ,-i.j is a neighborhood of E-|__e__^ in E, it is clear that condition (15.11) implies (to,iu, tq^sm) G 'HpidQ) 
(recall that for v G C°°iQ), tq^iv = T|e, to, 3 T = dtV\t=o). 

The main result of this section can be stated as follows. 

Theorem 3. Let q G L°°{Q), lo G {y G : \y — wq] ^ e}. For all A ^ Ai, with Ai the constant of 

Theorem\^ there exists a solution u G Hu{Q) of (15.11) of the form (15.21) with z satisfying (15.31) . 

In order to prove existence of such solutions of (j5.1l) we need some preliminary tools and an intermediate 
result. 
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5.1. Weighted spaces. In this subsection we give the definition of some weighted spaces. We set s £ R, 
we fix w £ {?/£S"“^ : \y — ujq\ ^e} and we denote by 7 the function defined on dfl by 

'y{x) = \uj ■ I'ix)] , X £ 5f2. 

We introduce the spaces Ls{Q), Ls{ft), and for all non negative measurable function h on Oil the spaces 
Ls,h,± defined respectively by 

Ls{Q) = Ls,h,± = {/ : {x)f £ i'(S±.<.)} 

with the associated norm 

^ (/ \u\^ dxd^ , u £ Ls(Q), 


II^IU.o = 



u £ Ls{^), 


l|w|| 




da{x)d^ , u G Ls^h,±- 


5.2. Intermediate result. We set the space 

V = {v e C^(Q) : U|S = 0, vit=T = dtVit=T = v\t=o = 0} 
and, in view of Theorem [2l applying the Carleman estimate (14.4|) to any f gV we obtain 

^ II/IIa + II^*/|*=o|Ia,o ^ ^(|| i^t - Ax + 9)/||;^ + II'9 i'/IIa.A7.+)’ ^ 

We introduce also the space 

M = {{{df - + q)v,d^v\^_^ J : vGV} 

and think of At as a subspace of L\{Q) x La,a 7 ,+- We consider the following intermediate result. 
Lemma 3. Given A ^ Ai, with Ai the constant of Theorem\^ and 

u£L_a(Q), w_£L_a, 7 -i-, VoGL^xi^), 


there exists u G L-x[Q) such that: 

1 ) {d^ - Ax + q)u = V, 

2) MIS, ^ = V-, U|t=o = Vo, 

3) ||m||_;^ ^ C (^A"i lkll_A + lk-||_A, 7 -i,- + lko||_A,o) ^ depending on n, T, 


Proof. In view of (15.4p . we can define the linear function S on A4 by 


S[{ia + q)f,d,,flx:+^J] = (/w)l2(q) - (3i./,w-)i2(s__^) + (5t/|t=oAo)i2(o), / € T>. 

Then, using (|5.4I1 . for all / £ X>, we obtain 


|5[((n + g)/,5./|s+,j]| 

^ II/IIa II^II-a + P^/IIa. 7 ,- lk-ll-A. 7-1 - + ll^t/|t=o|L^o II^oII_a,o 

^ A-i (A WfW^) + X-i ||i;-||_;,^^-y_ (a^ I|9,./IU,.^__) + A's ||uo||_;,^o (a^ ll'9«/|t=o|| a.o) 
< c (a- 1 Hull., + A-i lk-ILA,7-h- + Ikoll.A^o) (ll(a + 9 )/IIa + I|5>^/IIa,A7,+) 

^ 26- (a- 1 Hull., + A-^ lk-||_A, 7 -£- + A-^ lko||_A,o) !!((□ + 9 )/>^-/|W,J|L,(q)xl.,.,.+ 


(5.4) 
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with C the constant of (15.41) . Applying the Hahn Banach theorem we deduce that S can be extended to a 
continuous linear form, also denoted by S, on L\{Q) x + satisfying 

Ill'll ^ ^||u||_;^ + A 2 ||u_+ A nko||_A,o) • (^■^) 

Thus, there exists 


{u,u+) € L_x{Q) X L_a,(A 7 )-i,-H 


such that for all / G 2? we have 


5'[((n + g)/,a^/|E+,„)] = ((□ + g)/,u)^2(Q) - ■ 

Therefore, for all / G X> we have 

((□ + g)/, u)^2(Q) — 

= (/> + '{dtf\t=o. ^^o)i2(n) ■ 

Note first that, since L±\{Q) embedded continuously into L^{Q), we have u G L^{Q). Therefore, taking 
/ G C^{Q) shows 1). For condition 2), using the fact that L±\{Q) embedded continuously into L^{Q) we 
deduce that u G Hu{Q). Thus, we can define the trace U| 2 , U|t=o allowing / G X> to be arbitrary shows 
that U| 5 ]_ ^ = u_, u\t=o = vq and ^ = —u+. Finally, condition 3) follows from the fact that 

hll-A < ll^ll < C (a-1 ||u|L, + A-^ lk-ILA,7-y- + ■ 

□ 


Armed with this lemma we are now in position to prove Theorem [31 


5.3. Proof of Theorem Note first that z must satisfy 

r z € l ^{ q ) 

I {df - in Q , . 

I z( 0 ,t) = - 1 , tGH, 

[ z = -1 on E +_£/2 

Let Ip G C“(M") be such that suppi/> D dfl C {t G dVl : w ■ i^{x) < —e/3} and i/ = 1 on {cc G dfl : ui ■ v{x) < 
—e/2} = dil+^s/ 2 -u:- Choose V-{t,x) = —e^^*~^‘^'^^ip{x), {t,x) G Since V-{t,x) = 0 for t G (0,T), 

X G {x G on : a;-u(x) ^ —e/3} we have v- G Fix also v{t,x) = —and vo{x) = 

{t,x) G Q. From Lemmaj^ we deduce that there exists w G H\j{Q) such that 

( {d^ — Ax + q)w = v(t,x) =in Q, 

< w{0,x) = vo{x) =, X G H, 

(_ w{t,x) = V-(t,x) =—e^^*'^‘^'^^'ip{x), (t,x)GE__,^. 


Then, for z = e condition (15.7|) will be fulfilled. Moreover, condition 3) of Lemma [3| implies 


le"(Q) 


= w 


-A 


A- 


l-A 


+ A-= ||x_| 


^ A 




-|- A 2 


i/7 


- 1/2 


+ A = |ko||_A,o) 

+ X~i 111 




L 2 (a) 


^ CA”^ 


with C depending only on H, T and ||g||x,oo(( 5 )- Therefore, estimate (15.3p holds. Using the fact that 
^\{t+uj-x)^ = w G 22n((5), we deduce that u defined by (15.211 is lying in iLn(Q) and is a solution of (15.11) . 
This completes the proof of Theorem (3] 
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6. Uniqueness result 

This section is devoted to the proof of Theorem [TJ From now on we set q = q 2 — qi on Q and we assnme 
that g = 0 on ]R^+” \ Q. Without lost of generality we assume that for all uj G {y € : \y — ujq\ ^ e} we 

have C G' with £ > 0 introduced in the beginning of the previous section. Let A > max(Ai, Aq) and 

fixa;S{?/GS"“^ : \y — ujq\ ^£}. According to Proposition [3l we can introduce 

ui{t,x) = , {t,x) G Q, 

where ui G H^{Q) satisfies d'^ui — A^ui + qiUi = 0, ^ • (1, —w) = 0 and w satisfies (1X71) . Moreover, in view 

of Theorem [31 we consider U 2 G i7n(Q) a solution of (15.11) with g = g 2 of the form 

U 2 {tj x) = (1 + z{t, x)), (t, x) G Q 

with 2 satisfying (15.31) . such that suppropM 2 C F and ro, 2 W 2 = 0 (we recall that toj, j = 1,2, are the 

extensions on Hu{Q) of the operators defined by tq iv = i;|x; and 10 ^ 2 '^ = ■ In view of 

Proposition 121 there exists a unique solution wi G of 

dfWi — A xWi + qiWi =0 in Q, 

TqWi = ToU2- 


( 6 . 1 ) 


( 6 . 2 ) 


Then, u = wi — U 2 solves 

- Aa,u + giM = (g 2 - gi)u 2 in Q, 
u(0, x) = dtu{0, x) = 0 on U, 

It = 0 on E 

and since (g 2 — gi)u 2 G LF'{Q), in view of [H Theorem A.2] (see also [191 Theorem 2.1] for g = 0), we deduce 
that u G C^([0, T]; T^(U))nC([0, T]; Uq( f2))niLn((5) C H^{Q)r]Ha{Q) with d^u G T^(E). Using the fact that 
ui G H'^iQ) niJn(Q), we deduce that (9tMi, —V^ui) G i7div(Q) = {F G L^((5;C"+^) : div(t^ 3 ,)F G L'^{Q)}. 
Therefore, in view of [HI Lemma 2.2], we can apply the Green formula to get 


/ u{Dui)dtdx = — {dtudtui — • VxUi)dtdx + {{dtUi, —VxUi) ■ n, u) 

Jq Jq 

with n the outward unit normal vector to Q. In the same way, we find 

/ ui{Ou)dtdx = — / {dtudtUi — VxU ■ VxUi)dtdx + {{dtU,—'Vxu) ■ n,ui) 

Jq Jq 


H-^idQ),H^(aQ) 


H-2{dQ),H2{dQ) 


From these two formulas we deduce that 


/ {q 2 — qi)u 2 Uidtdx = / Uii^u + qiu)dtdx — / u{F\ui + qiUi)dtdz 

Jq Jq Jq 


On the other hand we have M|t=o = 9tM|t=o = W|s = 0 and condition (11.31) implies that u\t=T = = 0- 

Combining this with the fact that u G C^([0, T]; L^(U)) and d^u G L^(E), we obtain 


/ qu 2 Uidtdx = — / d^uuida{x)dt + / dtu{T,x)ui{T,x)dx. (6-3) 

Jq J-s\g Jq 

Applying the Cauchy-Schwarz inequality to the first expression on the right hand side of this formula, we 
get 


/ dyUUida{x)dt 



Jt.\g 






U 

^-X(t+U..X)Q^^ 

\J^ + ,e.u: 



d(j{x)dt 
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for some C independent of A. Here we have used both (13.71) and the fact that (S \ G) C E+ g In the same 
way, we have 


dtu{T, x)ui(T, x)dx 




^G 


[ dtu{T,x)e-^^^+‘^-^\l + w{T,x)) 
Jn 

e-^^^+‘^-^'>dtu{T,x) 


dx 


dx 


Combining these estimates with the Carleman estimate (j4.2L the fact that U|t=T = di,u\^_ ^ = 0, C 

we find 

fnid^ — qi)u2Uidtdx 


< 


€ 


€ 


2 ^ (/s+,„ da{x)dt + le-^('^+‘^-^^dtu(T,x)l^ dx'j 

2e~^C w • v[x)da{x)dt + \e~^^'^^‘^'^'^dtu{T,x)'\ d^ 

(Iq -A^ + qi)uj^ dxdtj 


e-^C 


^ ^ (/q ^ (/^ \q\^ (1 + \z\fdxdt^ . 

Here G > 0 stands for some generic constant independent of A. It follows that 


limsup / qu 2 Uidtdx = 0. 

A—^-1-00 J 


(6.4) 


On the other hand, we have 


/ quiU 2 dxdt = / q{t,x)e ^^'^*’^'^dxdt + / Z{t,x)dxdt 
JQ dRi+" Jq 

with Z{t, x) = q{t, x)(z(t, x)-\-z{t, x)w{t, x)). Then, in view of (|3.7ll and (j5.3l) . an application 

of the Cauchy-Schwarz inequality yields 


Z{t, x)dxdt 


^ GA- = 


with G independent of A. Combining this with (16.411 . we deduce that for all w € {y € §" ^ : \y — wqI ^ e} 
and all ^ G orthogonal to (1, —w), the Fourier transform -F(g) of q satisfies 

J^(q)(^) = (27r)-^ [ q{t,x)e-^^-^*’^'>dxdt = 0. 

JR 1 +" 

On the other hand, since q G L°°{Q) is compactly supported, J-{q) is analytic and it follows that q = 0 and 
91 = 92 - This completes the proof of Theorem [T] 


Appendix 

In this appendix we prove that the space C°°((5) is dense in H\j(Q) in some appropriate sense and we 
show that the maps tq and ti can be extended continuously on these spaces. Without lost of generality we 
consider only these spaces for real valued functions. The results of this section are well known, nevertheless 
we prove them for sake of completeness. 
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Density result in i?n(Q). Let us first recall the definition of K^{Q): 

Ka{Q) = {u& H-\Q,T- L^n)) : Du = {d^ - A,)u S L^{Q)} 

with the norm 

11 ||2 _ 11 ||2 III—I ||2 

ll^llATnfQ) “ lFllff-i(0.T;L2(n)) + II'-'“IIl2(Q) • 

The goal of this subsection is to prove the following. 

Theorem 4. Hu{Q) embedded continuously into the closure of C°°{Q) with respect to iLn((5). 

Proof. Let iV be a continuous linear form on iLn(Q) satisfying 

fV/ = 0, /gC°°(Q). (6.5) 

In order to show the required density result we will prove that this condition implies that 
»,*„«• = 0 . 

By considering the application u i-a (u, Du) we can identify K\j{Q) to a subspace of H ^(0,T;L^(n)) x 
Lf{Q). Then, applying the Hahn Banach theorem we deduce that N can be extended to a continuous linear 
form on L'^{fl)) X L^{Q). Therefore, there exist hi G TLq (0, T; L^(H)), ^2 G L"^[Q) such that 

N{u) = {u, hi )^-1 + (Du, h 2 )^ 2 (Q) , u G KniQ)- 

Now let O C K” be a bounded C°“ domain such that C O and fix = (—e, T + e) x O with £ > 0. Let 
hj be the extension of hj on ]R^+" by 0 outside of Q for j = 1,2. In view of (16.51) we have 

\ / L^iQe) \ ' L^iQe) 

Thus, in the sense of distribution we have 

□/i 2 = —hi on Q^. 

Moreover, since /12 = 0 on ]R^+" \ Q D dQe, we deduce that ^2 solves 

{ dfh 2 - A^h 2 = -hi in Qe, 

h2{-e,x) = dth2{-£,x) = 0 , x€0, 

h 2 {t,x) = 0, {t,x) G {—£,T + e) X do. 

But, since hi G iLg(0,T;L^(H)), we have hi G iLg(—£,T + £;L‘^{0)) and we deduce from [211 Theorem 2.1, 
Chapter 5] that this IBVP admits a unique solution lying in iJ^((5e). Therefore, /12 G H^{Qe). Combining 
this with the fact that ^2 = 0 on \ Q, we deduce that ^2 G Hq{Q), with Hq{Q) the closure of C^{Q) in 
H^{Q), and that Dh 2 = —hi on Q. Thus, for every u G H\j{Q) we have 

(□u, ^ 2 ) = (□«, h2) H-^(Q),H§{Q) = = — {u, ^l)i 2 (Q) ■ 

Here we use the fact that Hfj{Q) C Lf{Q). Then, it follows that 

N{u) = {u, hi) ^ 2 (Q) - (u, hi)^ 2 (Q) =0, u G HaiQ). 


From this last result we deduce that Htj{Q) is contained into the closure of C°°{Q) with respect to Ka{Q). 
Combining this with the fact that Hci{Q) embedded continuously into K\j{Q), we deduce the required 
result. □ 
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Trace operator in H]j{Q). In this subsection we extend the trace maps tq and ti into by duality 

in the following way. 

Proposition 4. The maps 

tqW = (to,iW,to,2W,to,3w) = {w\s,w\t=Q,dtWit^o), w e C°“(Q), 

TiW = {tiaW,Ti^2W,Ti,3w) = id^W\^ , W\t=T, dt'W\t=T), W & C°°iQ), 

can be extended continuously to tq : —>■ H~^ (d^l)) x x 

Ti : HaiQ) H-^{0,T;H-^dn)) x x 

Proof. It is well known that the trace maps 

u !-)■ {uioQ, d^uion) 

can be extended continuously to a bounded operator from H^{PL) to Hi {did) x Hi{dil) which is onto. 
Therefore, there exists a bounded operator R : {dil) x H^{dil) H^{n) such that 

R{hi,h2)\dQ = hi, di,R{hi,h2)\dn = h2, {hi,h2) & H‘^{dVt) x H^{dVL). 

Fix g G Hq{0, T ; Hi{dn)) and choose G{t,.) = R{0, g{t,.)). One can check that G G Hq{0,T] iJ^(O)) and 

l|G|| 

^ ll^ll llffll^3(o,T;H5(9n)) ■ 

Applying twice the Green formula we obtain 

I vgda{x)dt = j OvGdxdt — j vDGdxdt, v G C°°{Q). 

JT. JQ Jq 

But DG G Hq{ 0,T-, H^{n)), and we have 

Then, using (16.61) and the Cauchy Schwarz inequality, for all v G C°°{Q), we obtain 

K'^OT'L', ff)| ^ ||□'y||^2(Q) I|G||j^2(q) + lkll_f/-i(o,T;L2(n)) IP^IIlIi(0,T;L2(n)) 

which, combined with the density result of Theoreni|4j implies that Top : v i—>■ Ujs extend continuously to a 
bounded operator from Hu{Q) to H~^{0, T ; H~i {diVj). In a same way we prove that 

Tipu = veC°°{Q) 

extend continuously to a bounded operator from H]j{Q) to H~^{0,T; H~i {dfl)). 

Now let us consider the operators Tij, i = 0,1, j = 2, 3. We start with 

to,2.vi — >v\t=o, uGC°°(Q). 

Let h G i?o(^) H{t,x) = t'il){t)h{x) with ip G C^{—T, '^) satisfying 0 ^ "0 ^ 1 and i/; = I on ^]. 

Then, using the fact that -0 = I on a neighborhood of t = 0, we deduce that 

H\y, = dvH\Y, = -ff|t=o = n^^|t=o = = 0, dtH\i^3 = h. 

Therefore, DiL G Hq{ 0,T; L‘^{id)) and repeating the above arguments, for all v G C°°{Q), we obtain the 
representation 

(t0.2T, /l)^_ 2 (n),_f/ 2 (f 2 ) = y.^ 2 (Qpp^l(Q y.p 2 (Qp — (iL, □u)j^ 2 (Q) . 

Then, we prove by density that Top extends continuously to Top : HoiQ) —t 
For 




V G c“(g) 
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let Lp € iJp (n) and fix 


Then, d* satisfies 


= tp{t)ip{x) + 


Axpjx) 

2 


‘i’lE — i9j/d>|x; — dt^^t=o — Oj ‘^’|t=o — ‘P- 
Moreover, we have □<& S 77^(0,T; T^(n)) with 

{dt — Aa;)d>|t=o = = 0, — Aa;)d>|t=7’ = 0 

and it follows that □$ £ Hq{ 0,T; L‘^{n)). Therefore, repeating the above arguments we obtain the repre¬ 
sentation 


{to,3V,p )(^i l^‘J’)ff-i(0,T;L2(n)),ffi(0,T;L2(n)) 
and we deduce that tq ^ extends continuously to tq 3 : Hfj{Q) —> 77“^(17). In a same way, one can check 
that 

Tl,2V = Vlt=T, Ti^sV = dtVlt=T, VeC°°{Q) 

extend continuously to ti 2 : Hu{Q) — > 77“^(r7) and ri 3 : 77q((5) —77“^(17). □ 
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